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We consider the coloring of maps of empires on surfaces. A country is by 
convention assumed to be connected. On the other hand in a map we call a 
certain collection of m disjoint countries an empire. If we wish to specify 
that an empire has exactly m components, we call it an m-pire. Two 
empires are adjacent if they share a common boundary edge. 
For instance Fig. 1 illustrates a map with 19 “3-pires” on the Klein 
bottle. In the rectangle of Fig. 1 the two horizontal boundary lines have to 
be identified to obtain first a cylinder; then the two vertical boundary lines 
are identified in opposite directions to obtain the Klein bottle. In this 
example each 3-pire consists of one quadrilateral, one pentagon, and one 9- 
gon; and the 19 “3-pires” are mutually adjacent. 
In coloring a map all components of a given empire must receive the 
same color and, of course, two adjacent empires must receive different 
colors. Let S be a closed surface with Euler characteristic E. And let 
x(S, M) be the smallest number k of colors such that every map on S, 
where each empire has at most M components, is colorable by k colors. 
x(S, M) is called the M-pire chromatic number of S. With the exception of 
M= 1 and E= 2 (four color problem) Heawood [S] showed in 1890 that 
x(X M)<L;(6M+ 1 +,/(6M+ l)“-24E))_I (1) 
holds. As usual the symbol LX] means the greatest integer <x. An alter- 
native proof is also given in Ringel’s first book [9, p. 761. Haken and 
Appel [ 1,2] have shown (1) in the remaining case M = 1 and E = 2 (four 
color theorem). 
Heawood conjectured that equality always holds in (1). In the following 
special cases equality in (1) has been proven: 
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(a) M= 1, S is nonorientable #Klein bottle. (Ringel [ 10)). 
(b) M= I, S is orientable (Ringel, Youngs, and others [IO]). 
(c) M= 2, S is the sphere (Heawood [5], see also [9, p. 261. 
(d) M= 3 or 4, S is the sphere (Taylor [I4]). 
(e) S is the sphere (Jackson and Ringel [S]). 
(f) S is the torus (Taylor [ll]). 
(g) S is the projective plane (Jackson and Ringel [6]). 
It has been shown by Franklin [ 3) that equality in (1) does not hold 
when S is the Klein bottle and M= 1. We suspect that equality does not 
hold for the Klein bottle when M = 2 either. In any event we can prove the 
following theorems in this paper. 
THEOREM 1. When S is a connected nonotientable surface and the right 
side of (1) is congruent to 1, 4, or 7 module 12 then equality holds in (1) with 
the two exceptions mentioned above. 
Thus Heawood’s empire conjecture will be proven for 25 % of the non- 
orientable cases. 
THEOREM 2. Zf S is a connected orientable surface, M is even, and the 
right side of (1) is congruent to 1 module 12, then equality holds in (1). 
THEOREM 3. Zf S is a connected orientable surface, M is odd, and the 
right side of (1) is congruent to 4 or 7 module 12, then equality holds in (1). 
Thus Heawood’s empire conjecture will be proven for 12.5% of the 
orientable cases. 
Remark. If S is the Klein bottle then E = 0 and the right side of (1) is 
congruent to 1 or 7 modulo 12. Thus Theorem 1 implies that equality in 
(1) holds for the Klein bottle for every A4 B 3. This case will be especially 
important when we discuss in a future paper [7] the related problem of 
splitting numbers of complete graphs. The empire map of Fig. 1 needs 19 
colors thereby proving Theorem I in case S is the Klein bottle and M= 3. 
FIGURE 1 
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LEMMA 1. Zf M and n are integers with 
0<6M<n--1 (2) 
and there exists an empire map L with n mutually adjacent M-pires without 
extra adjacencies with trivalent vertices on a closed orientable (resp. non- 
orientables) surface, then (1) holds as an equality whenever the right side of 
(1) equals n and S is orientable (resp. nonorientable). 
Proof. If S is the sphere or the projective plane the equality in (1) is 
already established (see (e) and (g) above). So let S be a surface with Euler 
characteristic EGO. Let M and n be given and n equals the right side in 
(1). From EGO it follows that 6M<n- 1. 
We assume that the map L in Lemma 1 on the surface S’ exists. We com- 
pute the Euler characteristic E’ of S’ by Euler’s formula E’ = a0 - a1 + az, 
where a,, a1 (resp. aa) is the number of vertices, edges (resp. countries) of 
the map. Here we have 6a, = 2n(n - l), 6al = 3n(n - l), and 6a, = 6Mn. 
Therefore 
6E’=n(6M-n+ 1). 
Applying (1) we get x( S’, M) Q n and for every surface with greater Euler 
characteristic than E’ the right side of (1) is <n. Since we assume that for 
S the right side of (1) equals n, we know E G E’. So S can be obtained from 
S’ by adding handles (resp. crosscaps) if E # E’. Thus n d x(S’, M) < 
x(S, M) < n. This proves Lemma 1. 
What is left to do is to exhibit many empire maps. We describe a com- 
binatorial method for deriving such maps. First we look at our example of 
Fig. 1. Observe that the clockwise cyclic order of the neighbors of 
quadrilateral 0 is (3 7 8 2). In a similar way the cyclic order of the 
neighbors of the other two countries of empire 0 are listed in (3) below. A 
combinatorial scheme consists of such listings for every empire. 
(0) (3 7 8 2)(13 11 18 16 4)(10 5 14 9 15 12 1 17 6) 
(1) (4 8 9 3)(14 12 0 17 5)(11 6 15 10 16 13 2 18 7) 
(2) (5 9 10 4)(15 13 1 18 6)(12 7 16 11 17 14 3 0 8) 
. . . . . . . . . . . . . . . . a.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
(18) (2 6 7 1)(12 10 17 15 3)( 9 4 13 8 14 11 0 16 5) 
(3) 
We observe that the following rule holds for (3). 
RULE R. Zf in row i one has i. . . . akb . . . then in row k one has either 
k. . . . bia... or k. . . . aib . . . . 
HEAWOOD’S EMPIRE PROBLEM 171 
This rule follows because every vertex of our map has valence three. So 
we derived from this map a combinatorial scheme satisfying Rule R. In the 
rest of this paper we will go in the opposite direction from a combinatorial 
scheme satisfying Rule R to a map where every vertex has valence three. 
In [ 10, p. 761 it was shown that every combinatorial scheme satisfying 
Rule R defines a map where every vertex has valence three. The proof was 
given for the special case where every row has only one cycle. But the proof 
can easily be generalized to the case where each row has more than one 
cycle. Of course each cycle in row i corresponds to a separate country of 
empire i. (One can also see that this is true by introducing the separate 
symbols i, ,..., i, for each country of empire i and using the scheme where 
there is a row for every country as in [6].) 
Scheme (3) has the pleasant property that all the necessary information 
is given in row 0. By considering the numbers to be elements of Z,, one 
obtains row i from row 0 by adding i to every number. (This means that 
Z,, is an automorphism group of the map.) 
Now we are going to try to explain how we obtained row 0. We use the 
powerful method of current graphs and cascades, as in Fig. 2. This method 
was already very helpful in solving Heawood’s map color problem for maps 
with countries (M= 1). The reader is referred to Ringel’s book [lo]. Here 
we only give a sketchy explanation without going into all the details. Each 
arc (directed edge) in Fig. 2 carries an element of Z,, called the current of 
the arc. We call the current graph of Fig. 2 a cascade because some of the 
edges are “broken” in the middle. There are two different types of vertices, 
black (clockwise rotation) and white (counterclockwise rotation). 
Now let a traveler walk along an arc, say the arc with current 3, in the 
direction of the arrow. He is supposed to continue his walk by taking the 
arc to the right when he reaches a white vertex, and the left arc after he 
reaches a black vertex. Thus as in Fig. 2 and 3 the traveler completes a 
walk (circuit) of length 4 after traversing arcs with currents 3, 7, 8, 2. The 
cycle (3, 7, 8, 2) is called the log of the walk. This gives us the cycle of 
length 4 in row 0. The same recipe gives us two more circuits. The logs of 
the other two circuits are ( -6, - 8, - 1, - 3, 4) and ( - 9, 5, - 5, 9, -4, 
- 7, 1, - 2, 6). Normally we record a negative number if the arc is traveled 
FKXJRE 2 
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FIGURE 3 
in the opposite direction of the arrow (solid lines in Fig. 3). However the 
traveler receives the opposite orders after passing through the middle of a 
broken arc. This means he interchanges right by left and plus by minus. In 
Fig. 3 the traveler is practicing this “opposite” behavior when the circuit is 
a dotted line. 
The following three properties of the cascades in Fig. 2 and also in the 
cascades and current graphs in the rest of the paper are crucial. 
(Al) Each vertex has valence 3 or is the end of a dead end arc. 
(A2) Each of the elements 1,2,...Ln/2], is the current of exactly one 
arc if Z,, is the group in use. In general each nontrivial element of the group 
or its inverse is the current of exactly one arc. 
(A3) At each trivalent vertex the sum of the currents incident to the 
vertex is zero. 
(A4) If the element d is of order 2 in the group in use, then d must be 
the current of an end arc (see Fig. 6 with d= 6s + 2). The vertex of 
valence 1 of the end arc is not displayed because the traveler has to make a 
u-turn before he reaches the dead end. 
Properties (Al) and (A3) guarantee that the constructed map will have 
trivalent vertices only. In consequence of (A2) each empire in the generated 
map is adjacent to every other empire exactly once. Before we consider 
general cases, we mention two more examples. If we change, in Fig. 2, the 
color of the only two black vertices from black into white, then only two 
circuits will be induced, namely (2, - 1, 7, 3, 1, 8) and ( - 9, 5, - 5, 9, - 4, 
- 7, - 8, -6, 4, - 3, -2, 6). This will lead to a map of 19 “2-pires” on the 
nonorientable surface of genus 21. 
If we change in Fig. 2 only the rightmost black vertex from black to 
white, there will be only one induced circuit generating a map of 19 
mutually adjacent countries on the nonorientable surface of genus 40. In 
this case the map leads to a “genus embedding” of K,,. 
Case 7. Non-orientable. Let n = 12s + 7. We use the current graph in 
Fig. 4. The colors (rotations) of the vertices represented as little squares 
have not been assigned. Name these vertices from left to right by 
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FIGURE 4 
01 3 V2Y, 02s. We can obtain all possible numbers of circuits by choosing 
these colors as follows: 
White Black Number of circuits 
01, VZ....> v?..-2 
All 
VI...., fJ,- I, us* 
VZr-lr 02s 
None 
v,,..., V&- , 
2s+ 1 
2s 
m(m = 1, 2,..., 2s - 1) 
This will give us a map of IE = 12s + 7 mutually adjacent m-pires for each m 
with 1 d m d 2s + 1 and 6m d n - 1. This is the range (2) needed in 
Lemma 1. We only have to show that this map defines one connected sur- 
face and that this surface is nonorientable. We label the circuits 1, 2,..., m, 
such that the circuit that travels through the broken loop at the lefthand 
side of Fig. 4 is labelled 1. Circuit i defines a component i in every m-pire 
(see scheme (3) as an example). The fact that the arc with current 6s + 3 
occurs in the first circuit in both directions guarantees that the first com- 
ponent of m-pire j is adjacent to the first component of m-pire 6s + 3 +j. 
Since 6s + 3 is relatively prime to 12s + 7 it means that all the first com- 
ponents are on the same surface. Also each of the other components is 
adjacent to some first component so the entire map is on a connected sur- 
face. 
The broken loop on the left side of Fig. 4 is equivalent to the doubling 
principle in [lo, p. 1321. It is shown there that it leads to a nonorientable 
surface if the cyclic group has odd order as it is in this case. 
FIGURE 5 
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Case 1. Non-orientable. For s > 2 we use the cascade in Fig. 5. There 
are three broken arcs with the currents 3s, 2s - 1, 5s - 1. Denote the 
square-marked vertices of the upper beam of the ladder from left to right 
by 01, vz,..,, uzSP2 and the lower right one by uzS-, . Then the following 
table gives the number of circuits by various choices of rotations (colors): 
White Black 
01, fJZY.> Vzr-3,%-l b-2 
01, v2,..., urn-, V In,..., h.- 1 
Number of circuits 
2s 
m(m = 1, 2,..., 2s - 1) 
Everything else is exactly as in the previous Case 7 including nonorien- 
tability and connectedness. This shows that there exists a nonorientable 
map with 12s + 1 mutually adjacent m-pires with trivalent vertices if s B 2 
and m < 2s. The maps with m = 2s are maps on the Klein bottle. They are 
just like the piano map of Fig. 1, however with more piano keys. 
Case 4. Nonorientable. In Fig. 6 the currents are from the group E,2s+4 
and the element 6s + 2 of order 2 is on the end arc as required in (A4). 
Label the square type vertices from left to right by u, , 02,..., uzS _, . If we 
choose the vertices v,, u2 ,..., u,,_ i to have counterclockwise (white) 
rotation and the vertices u,,..., u2SP 1 to have clockwise rotation (black), the 
number of induced circuits will be m(m = 1,2,..., 2s). The map occurs on a 
connected surface, because the log of one of the circuits contains both 
2s + 1 and - (2s + 1) and 2s + 1 is relatively prime to 12s + 4. If all the ver- 
tices in Fig. 6 are changed to white then we also get 2s + 1 circuits but the 
resulting map is not on a connected surface. 
In order to show that the map is nonorientable for each m, we have to 
refer to the following criteria: 
We know each arc is travelled twice, either both times in the same direc- 
tion or once in the other direction. Of course if an arc is used twice in the 
same direction the circuit must have the “opposite behavior” one of those 
times. 
If a cascade with at least one broken arc defines an orientable map, then 
two properties must hold: (1) The order of the group is even. (2) If the 
FIGURE 6 
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FIGURE I 
current of an arc (broken or not) is odd then the arc is travelled twice in 
the same direction. If the current is even then the arc is travelled in both 
directions see [lo, p. 1451. 
If you consider the neighborhood around the two vertices incident with 
the broken arc in Fig. 6 it is clear that the property (2) listed above cannot 
hold. So we have constructed a nonorientable map with 12s+4 mutually 
adjacent m-pires for every m < 2s. With these three cases and Lemma 1 we 
have completed the proof of Theorem 1. 
Case 1. Orientable. We will use current graphs again, but without 
broken edges. That means if a cubic current graph has an odd (even) num- 
ber of edges, the number of circuits will be odd (even) no matter how the 
rotations of the vertices are chosen ([ 10, p. 20). For n = 12s + 1 we use the 
current graph of Fig. 7. The square-type vertices are labelled by u,, Us,..., 
vzs _ i from left to right. For every even number m with 2 ,< m < 2s we choose 
the vertices ui , v2 ,..., u, _ i to be white and the vertices u,,..., uzs- i to be 
black. Then the number of induced circuits is m. There is one circuit C con- 
taining the arc with the current 6s in both directions and 6s is relatively 
prime to 12s + 1. Every other circuit meets C on some arc. Thus the defined 
map of n “m-pires” is connected. This proves Theorem 2. 
Case 7. Orientable. Consider Fig. 8 and label the square type vertices 
by ~1, ~2,...r v2s in this order. If we chose v,, v2 ,..., v,,-i to be white and 
v v m + I,..., v2s to be black, then for odd m we obtain a map of 12s+ 7 
n%ually adjacent m-pires. Again there is one circuit C which meets itself 
along the arc 6s + 3 and 6s + 3 is relatively prime to 12s + 7. Each other 
circuit meets the circuit C along some arc. Thus the map is connected (1 < 
m<2s+ 1). 
The map with m = 2s + 1 will consist of 12s + 7 mutually adjacent 
(2s + 1 )-pires on the torus. These maps are called missile silo maps. Part of 
FIGURE 8 
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FIGURE 9 
such a map is pictured in Fig. 9 for n = 3 1 and m = 5. Together with the 
previous result for 12s + 1 we have now shown that Heawood’s empire for- 
mula holds for the torus, consistent with [ 111. 
Figure 10 gives some special current graphs for n = 19, 25, 31, and 37 in 
the shape of a ladder or Moebius ladder. These current graphs generate 
maps of mutually adjacent m-pires on the torus where each component has 
exactly six adjacencies as in the embedding of K, on the torus which proves 
the classical Heawood theorem. We do not know how to generalize this 
hexagonal empire map on the torus. 
Case 4. Orientable. The method of current graph also allows us to 
construct maps of 12s + 4 and 12s mutually adjacent m-pires on orientable 
surfaces. However we must use increasingly more complex groups for the 
currents. Let n= 12s +4. We use the group Z, x Zes+2 and the current 
graphs in Fig. 11. The upper current graph is used when s = 22, the lower 
part when s = 2t + 1. It is convenient to record only the second component 
of the current, the first component being represented by a heavily drawn 
arc if it is 1, and a lightly drawn one if it is 0. The group Z2 x &.+ z has 
three elements of order 2, namely (0,3s + l), (1, 3s + l), and (l,O). They 
all occur on dead-end arcs in agreement with property (A4). 
96 53 7 4 IO 2 7 
z,, :y-Jyf-p 
IO I4 II 6 7 5 
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FIGURE 11 
We label the square-type vertices from left to right by ui , v~,..., vzS + i. To 
get a current graph with m induced circuits (with m odd and m < 2s - 1) 
the vertices v,, v2 ,..., v2sP,n should be given black color and Q-~+ i ,..., 
uz,.- i white color. Thus we can construct an orientable map with n = 12s + 4 
mutually adjacent m-pires. It is connected because the log of one circuit C 
contains the elements (0, 1) and (1.0) and their inverse (0, - 1) and (l,O). 
Both (0, 1) and (1,0) together generate the group Z2 x %6S+2. Each of the 
other circuits meets C along some edge. This completes the proof of 
Theorem 3. 
We could also construct maps of PI = 12s empires if s is odd. The current 
graph we use will have currents from the nonabelian group Z, x A,. It is 
the same as in [IO, p. 1731. The rotations on the vertices can be modified 
to induce m circuits for each odd m < 2s - 1. It also can be shown that the 
generated maps are connected. We omit the details in this case, since they 
are too complicated. 
If one tries to solve other cases by similar methods the vortices (see 
[lo]) in the current graphs are very difficult obstacles. We mention that if 
we give every vertex counterclockwise rotation in the current graphs of 
Figs. 7, 8, and 11, we obtain disconnected maps. For instance, from Fig. 7 
when s = 1 we obtain a map of 13 mutually adjacent 4-pires on 13 spheres. 
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